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Abstract 

A subspace partition 11 of F = V{n, q) is a collection of subspaces of V such that 
each 1-dimensional subspace of V is in exactly one subspace of IT. The size of 11 is 
the number of its subspaces. Let ag{n,t) denote the minimum size of a subspace 
partition of V in which the largest subspace has dimension t, and let Pq{n, t) denote 
the maximum size of a subspace partition of V in which the smallest subspace has 
dimension t. In this paper, we determine the values of aq(n,t) and pq{n,t) for all 
positive integers n and t. Furthermore, we prove that if n > 2t, then the minimum 
size of a maximal partial i-spread in V{n + t — l,q) is aq{n,t). 

Keywords. Subspace partition; Vector space partitions; Partial t-spreads. 

1 Introduction 

Let V = V{n, q) denote a vector space of dimension n over a finite field with q elements. 
A subspace partition 11 of is a collection of subspaces of V such that each 1-dimensionaI 
subspace of V is in exactly one subspace of 11. A subspace partition 11 is also called a 
vector space partition (or simply a partition) of V. There is a rich literature about vector 
space partitions, see e.g. [1, 3, 5, 14, 23] and the references therein. 

The size of 11 is the number of its subspaces. Let aq{n,t) denote the minimum size 
of a subspace partition of V in which the largest subspace has dimension t, and let 
Pq{n,t) denote the maximum size of a subspace partition of V in which the smallest 
subspace has dimension t. The purpose of this study is to find these numbers. Since 
aq{n,n) = pq{n,n) = 1, and aq{n, 1) = Pq{n, 1) = (g" — — 1), we will focus on the 
case 1 < t < n. Moreover, if t divides n, then aq{n,t) = pq{n,t) is the size of a t-spread 
in V, i.e., a subspace partition of V in which all the subspaces have dimension t. 

We will prove the following theorem: 
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Foundation. 
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Theorem 1 Let n, k,t, and r be integers such that < r < t, k > 2, and n = kt + r. 
Then 

i=0 

and if furthermore 1 < r < t, then 

k—2 
i=0 

This theorem improves a result of Beutelspacher [2] who in 1980 proved that 

(Tq{n,t) > q^^^ + 1. 

We must also remark that the last two authors of this paper recently found the value 
of aq{2t + l,t), see [21]. They used some equations for subspace partitions derived by 
the first two authors in [17]. Furthermore, our derivation of the value of aq{n,t) uses 
arguments quite similar to those used in [21]. 

After some preliminary results in Section 2, we will prove our theorem in Section 3 and 
Section 4. Finally, in Section 5, we combine our result on aq{n, t) with a construction of P. 
Govaerts [13] to show that the minimum size of a maximal partial t-spread in V{n+t—l, q) 
is aq{n,t) for any integer n > 2t. 

2 Preliminary Results 

Let n be a subspace partition of = V{n, q), n > 2, with rrii subspaces of dimension i, 
1 < i < n — 1. Let H be any hyperplane, i.e., any (n — l)-dimensional subspace of V, 
and let bi < rrii be the number of subspaces of 11 that are contained in H. We say that 
(m„_i, . . . , mi) is the type of 11 and b = ■ ■ ■ ,bi) is the type of the hyperplane H 

(with respect to 11). Let Sb denote the number of hyperplanes in V of type b and define 
the set 

B = {b: Sb> 0}. 

For 1 < ? < n, let 

q-1 

denote the number of 1-dimensional subspaces in an i-space; then 

hg{n,i) = max{0,6'„_i} 

denotes the number of hyperplanes containing a given z-dimensional subspace. The fol- 
lowing two lemmas were derived in [17]. 
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Lemma 1 Let U be a subspace partition of V = V{n, q) of type (m„_i, . . . , mi) and let 
b = {bn-i, ■ ■ ■ ,bi) be the type of the hyperplane H with respect to U. Let Sb denote the 
number of hyperplanes in V with type b. Assume furthermore that U contains a subspace 
of dimension d and a subspace of dimension d' , with 1 < d,d' < n — 2. Then 

(*) E s,= ^ = ^(n,0), 

b&B ' 

(ii) J2 bdSb = mdhg{n,d), 
(m) E Mst=h'')h,{n,2d), 

b£B ^ ' ^ ' 

(iv) E bdbd'Sb = mdmd'hq{n, d + d'). 

beB 

Lemma 2 Let U be a subspace partition ofV = V{n, q) and let . . . ,bi) be the type 

of the hyperplane H with respect to U. Then the number of subspaces in U is 

\U\ = 1 + J2b^q'. 

i=l 

We will also use the following lemma due to Herzog and Schonheim [18] and independently 
Beutelspacher [1] and Bu [5]. 

Lemma 3 Let n and d be integers such that 1 < d < n/2. Then V = V{n,q) admits a 
partition with one subspace of dimension n — d and q"'~'^ subspaces of dimension d. 

For = H + r, < r < t, and k >2, let 

i = q^'j2q''. (1) 

i=0 

The following proposition is an immediate consequence of Lemma 3. 

Proposition 1 Let n, k,t, and r be integers such that < r < t, k > 2, and n = kt + r. 

Then V = V{n, q) admits a partition Urn of size 

|n^| =£-g* + l, 

consisting of iq^ subspaces of dimension t and one subspace of dimension t + r. If fur- 
thermore, 1 < r < t, then V admits a partition Um of size 

\IlM\=i-q' + q^'^^ + l, 

consisting of iq^ subspaces of dimension t, gr(*+r)/2] guJjgpQQ^g of dimension [{t + r) /2\ 
and one subspace of dimension \{t + r)/2] . 

We close this section by giving three relations that will be frequently used. They follow 
easily from the definitions of i and the function Of, the third is an immediate consequence 
of the first two: 

dn-t — Or = i6t, (2) 

da+b — db = Q^da , (3) 

On - iq% = Ot+r . (4) 
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3 The minimum size 

In this section we will find (Tq{n, t), as indicated in Theorem 1. We will need the following 
lemma, which may be of independent interest. 

Lemma 4 Let n, k,t, and r be integers such that k > 2,1 < r < t, and n = kt + r. 
Let 11 be a subspace partition of V = V{n, q) with no subspace of dimension higher than 
t. Assume furthermore that 11 contains a subspace of dimension t and a subspace of 
dimension d, with < d < t. Then 

k—2 

|n| > + ^'^ + 1- 

1=0 

Proof. Let 11 be a subspace partition of V containing subspaces of dimension t and d 
with t > d. Since there exist subspaces of dimensions t and d in 11, we have rrit > and 
TUd > 0. So it follows from Lemma l(iv) that 



Additionally, 



If 



E btbdSb = mtmddn-t-d ^ 0. (5) 



^ btbdSb = btbdSb + Y btbdSb- 

b&B beB beB 

0<bt<e~l bt>l 



E ^tbdSb ^ 0, 
has, bt>e 



then there exists b & B such that h > i, bd > 1, and Sb > 1- In this case. Lemma 2 yields 



n-l 



|n| = E ^^5' + 1 > btq' + bdq'' + 1 > £ + g"" + 1, 



i=l 



and the lemma follows. So we may assume that J2 hbd^b = 0. This assumption, 

beB, bt>i 

combined with (5) and Lemma l(iv), yields 





-1) 


■ bdSb 




beB 








= E 




-1)- 


bdSb+Yi^- 


beB 






beB 


0<bt<t- 


-1 




bt>l 


> E 


bf 


bdSb 


+ 


beB 








0<bt<l- 


-1 






= E 


bf 


bdSb 


+ E ^* ■ ^dSb 


beB 
0<b^<l- 


-1 




beB 

bt>t 
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= mtmdOn-t-d (6) 
Since md > 0, dividing both sides of (6) by nid yields 

^ {i-i)en-d 

nit < • 

We now show that this imphes that 

mt<ii-l)q' + q'' . (7) 
From (3) we obtain that 6n-d = 6t + (fdn-d-t-, and hence it remains to prove that 

^n-d-t 

This fact follows from Equations (2), (3) and (4): 

(fdn~d-t — ^dt + dt = 9n-t — dd — dn-t + Or + 9t = dt + dr — ^d , 

as 6t > 6d- 

Note that U is the disjoint union oi A = {W E U : dim(W^) = t} and B = {W e U : 
dim{W) < t — 1}. By counting the 1-dimensional subspaces not taken up by A, we can 
bound the size of B by 

l»l ^ On - \A\ ■ 9t 
Since |^| = rrit, we obtain from (7) that 



mi = Ml + |B| > + - ■ > -V'f-'''; - . (8) 

By using Equation (4), the above inequality can be further simplified 

ini > + / + + ^''V - > + / + - - . 

As furthermore, 

q\et - 9t^,) = > q% , 

we finally obtain 

|n| >iq' + q'^ + l. 
This concludes the proof of the lemma. 

We now prove that under the assumptions of Theorem 1, aq{n, t) = iq^ + q^^~^ + 1. 
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Proof. Let 11 be a subspace partition of V = V{n, q) in which the largest subspace 
has dimension t. Let (3 = \{t + r)/2]. If there is a subspace of dimension d in 11 with 
/3 < d < t, then by Lemma 4 

\U\>iq^ + q'^ + l>iq^ + q^ + l. (9) 

It remains to consider the case where every subspace in 11 has either dimension t or a 
dimension less than or equal to /3 — 1. 

If there exists a hyperplane H of type b with bt > i + 1, then by Lemma 2 

n-l 

|n| = E + 1 > + + l>iq' + q^ + l, (10) 

i=l 

where the last inequality holds since P < t. 

So now assume that if s;, 7^ then bt < i. Then Lemma l(ii) yields 

mtOn-t = E bfSb <i-J2-'^b = i-0n. (11) 

b€B b€B 

From (2), we derive i6t < On-t- By combining this inequality with (3), we obtain 
iOn = i{qX-t + Ot) = iq'en-t + < iqX.t + O^-t . 
Consequently, (11) yields 

< V + 1 . (12) 

Note that n is the disjoint union of A = {W e U : dim(iy) = t} and B = {W e U : 
dim{W) < /3 — 1}. By Equation (12) and since is an integer, we may assume that 
< iq^. So by using Equation (3), we obtain that 

in| = 1^1 + > mt + ~ • = 0n-mt{et-e^^^) ^e^- iq\et - Vi) 



Op-i dp-i Op-i 

and hence from (4), and the fact that 6p^i[q^ + 1) < ^t+r, we conclude that 



|n| > V + = + ^ > + / + 1 . (13) 

Summarizing the distinct cases we have considered, we thus obtain 

aq{n,t)>lq' + q^ + l. (14) 

Finally, by using Proposition 1 we may conclude that 

aqin.t) =£g* + g^ + l. 
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4 The maximum size 

In this section we now prove that under the assumptions of Theorem 1, Pq(n, t) = iq^ + 1. 

Proof. Let 11 be a subspace partition of = V{n, q) in which the smallest subspace 
has dimension t. Suppose |n| > £ g* + 1. The type of 11 is (m„_i, . . . , nit, 0, . . . , 0). Let H 
be any hyperplane of V, and let (&n-i, ■ ■ ■ ,bt,0, ■ ■ ■ ,0) be the type of H with respect to 
n. Then by Lemma 2, we have 

n— 1 n— 1 

\U\ = l + Y.hq' = l + q'Y.biq'-'. 

i=t i=t 

Thus, |n| = 1 (mod g*), and by our above assumption on |n|, we have |n| > £g* + g* + L 
As the dimension of each member of n is at least t, we may use relation (4) and the fact 
that (g* + l)6'f = ^2t to conclude that 

On > |n| > {iq' + q' + 1)6^ = e„ - e^+r + 02t , 

which is a contradiction as 62t > dt+r- Thus |n| < £g* + 1. Since n is an arbitrary 
partition, we obtain 

p,{n,t)<lq' + 1. (15) 
Hence, from Proposition 1 now follows that 



5 Application to maximal partial t-spreads 

A partial t-spread of = V{n,q) is a collection S = {Wi, . . . ,Wk} of t-dimensional 
subspaces of V such that Wi fl Wj = {0} for i ^ j. The size of S is its cardinality \S\. If 
V = [Jwes ^! then S is called a t-spread. A partial t-spread is called maximal if it cannot 
be extended to a larger one. Maximal partial t-spreads have been extensively studied, see 
e.g. [4, 9, 11, 13, 15, 19, 20]. They can be used to construct error-correcting codes [6, 8], 
orthogonal arrays [7, 10], and recently factorial designs [22]. 

We let Tg{n,t) denote the minimum number of subspaces in any maximal partial t- 
spread of V{n,q). A maximal partial t-spread S of V{n,q) such that \S\ = Tq{n,t), is 
called a minimum size maximal partial t-spread. Let n and t be fixed integers and let 
k and r be the unique integers defined by n = kt + r and < r < t. Beutelspacher [1] 
showed that if r = and k >2, then 

qkt _ ^ 

Tg{n + t - l,t) = ag{n, t) = _ ^ ■ 

For r > 0, P. Govaerts [13] proved several results related to the number Tg{n + t — l,t). 
In particular, he provided the following upper bound for Tg{n + t — l,t). 
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Lemma 5 (Govaerts [13]) Let n and t > 1 be integers such that n > 2t. Then there 
exist {see page 610 in [13] for a construction) maximal partial t-spreads of V{n + t — l,q) 
of size aq{n, t). Consequently, Tq{n + t — l,t) < aq{n, t). 

We will prove the following theorem. 

Theorem 2 Letn andt > 1 be integers such thatn > 2t. Then Tq{n + t — l,t) = aq{n,t). 

The method employed to prove Theorem 2 will be the same as was used in [21] to 
prove Tq{3t,t) = aq{2t + In particular, we will use Theorem 1 in Section 1. We 

first introduce the relevant definitions and a useful Lemma due to Govaerts [13]. A set of 
points 5, i.e., 1-spaces of V , is called a blocking set with respect to the t-spaces of V if 
W n B ^ {0} for any t-space W in V. Note that any {n — t + l)-dimensional subspace of 
is a blocking set with respect to the t-spaces of V. Such blocking sets are called trivial. 
The following lemma follows from the results of Govaerts (see Case 2, page 612 in [13]). 

Lemma 6 (Govaerts [13]) Let n and t > 1 be integers such that n > 2t. If S is 
a minimum size maximal partial t-spread of V{n,q), then [Jwes^ contains a trivial 
blocking set. 

In the proof of Theorem 2 we will also use the following proposition. 

Proposition 2 Let d, d', and n be integers such that < d' < d < n/2. Then 

(Tq{n, d) < (Tq{n, d') . 

Proof. We will prove that aq{n,t) < aq{n,t — 1) holds, for 1 < t < n/2. 

If t divides n, then aq{n,t) = 6n/0t- Consequently, by Theorem 1 and with the use of 
Equation (4), we note that it is always true that 

< aqin,t) < + q^ , 

where 0<r = n — kt<t and (3 = [(t + r)/2] . As 9t > qOt-i and q^ < 6n/0t, we thus get 

aq[n, t) <2—<q— < - — < Oq[n, t-l) . 

Proof. [Theorem 2] By Lemma 5, we have rg(?7, + t — 1, t) < crq(n, t). So, it remains to 
show that 

Tq{n + t-l,t)>aq{n,t). (16) 

Let (S be a minimum size maximal partial t-spread in (n + 1 — 1, g). Then by Lemma 6, 
^ = UvKe<s ^ contains a trivial blocking set. In other words, there exists an n-dimensional 
subspace B C A. Let 

Us = {WnB: WeS}. 
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Since 5 is a blocking set with respect to t-spaces, we have W \~\ B ^ {0} for any W & S. 
Thus, is a subspace partition of 5 = V{n, q) containing subspaces of dimensions at 
most t. If contains a t-subspace, then it follows from Theorem 1 and the minimality 
of S that 

Tq{n + t - l,t) = \S\ = \Iis\ > cTqin, t). 

If does not contain any t-subspace, then each subspace in II^ has dimension at most 
t — 1 (and contains at most 6t-i 1-dimensional subspaces). So the theorem now follows 
from the fact that the function aq{n,t) is antimonotone in t by Proposition 2. 

6 Some remarks 

Let n be a subspace partition of = V{n, q) consisting of rij subspaces of dimension dj, 
for 1 < 2 < fc. Let us assume that di < d2 < . . . < (and nin2 ■ ■ - Uk 7^ 0). In [16] a 
lower bound on rii was given as a function of q, di and ^2, and, as easily verified from 
that result, it is always true that ni > aq{d2,di). Working on the results of this paper 
has given us many indications that the following conjecture holds. 

Conjecture 1 LetU be a subspace partition ofV{n,q) withui > subspaces of dimension 
di, 1 < i < k, and where di < . . . < dk- Then, for any integer j , 1 < j < k, we have 

ni + . . . + Uj > ag{dj+i, dj). 

Let us also remark that for n < 2t — 1, the problem of determining the minimum size 
Tg{n + t — l,t) of a maximal partial t-spread in V{n + 1 — 1, g) is still open. For t = 2 and 
n = 3, the following lower bound was achieved by Glynn [12]: 

r,(4,2)>2g, 

while the following two upper bounds are due to Gacs and Szonyi [11]: 

r,(4,2) < (21og2g + l)g + l, if g odd, 

and 

Tg(4,2) < (e.llng + l)q + 1, if g > go even. 
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